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In this article we provide a new closed relationship between cosmic abundance of primordial gravitational
waves and primordial blackholes that originated from initial inﬂationary perturbations for inﬂection-point
models of inﬂation where inﬂation occurs below the Planck scale. The current Planck constraint on
tensor-to-scalar ratio, running of the spectral tilt, and from the abundance of dark matter content in
the universe, we can deduce a strict bound on the current abundance of primordial blackholes to be
within a range, 9.99712× 10−3 <ΩPBHh2 < 9.99736× 10−3.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
In the Einstein general relativity (GR) the primordial blackholes
(PBHs) with a small mass can be created during the radiation
epoch due to over density on length scales R ∼ 1/kPBH , which is
typically much smaller than the pivot scale at which the rele-
vant perturbations re-enter the Hubble patch for the large scale
structures, k∗ [1–3]. Typically the regions with a mass less than
the size of the Hubble radius can collapse to form PBHs, i.e.
M ≤ γMH ∼ γ (4π/3)ρH−3(t) ≈ 2 × 105γ (t/1 s)M , where ρ is
the energy density of the radiation epoch, H is the Hubble ra-
dius, M ∼ 1033 g, and γ ≤ 0.2 is the numerical factor during
the radiation era which depends on the dynamics of gravitational
collapse [2]. For instance, an economical way would be to create
PBH abundance from an initial primordial inﬂationary ﬂuctuations
which had already entered the Hubble patch during the radiation
era, but whose amplitude had increased on small scales due to the
running in the spectral index, ns [4,5].1
An interesting observation was ﬁrst made in Ref. [8] and in
Refs. [9–14], that a sub-Planckian inﬂaton ﬁeld can create a sig-
niﬁcant primordial gravitational waves (PGWs) provided the last
50–60 e-foldings of inﬂation are driven through the inﬂection-point,
* Corresponding author.
1 A word of caution – GR is not an ultraviolet (UV) complete theory. An UV com-
pletion of gravity may naturally lead to ghost free and asymptotically free theory
of gravity, as recently proposed in Refs. [6,7]. In such a class of theory it has been
shown that mini-blackhole with a mass less than the Planck mass, i.e. 10−5 g does
not have a singularity and nor does it have a horizon [6].http://dx.doi.org/10.1016/j.physletb.2014.04.050
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.such that the tensor to scalar ratio saturates the Planck constrain,
r ≤ 0.12 [15]. One requires a marginal running in the power spec-
trum which is now well constrained by the Planck+WMAP9 com-
bined data. A valid particle physics model of inﬂation can only
occur below the cut-off scale of gravity, see for a review on par-
ticle physics models of inﬂation [16]. It would be interesting to
study the implications of the running of the spectral tilt, αs , for
both PGWs and PBHs.
Formation of the signiﬁcant amount of PBHs on a speciﬁc mass
scale is realized iff the power spectrum of primordial ﬂuctua-
tions has amplitude 10−2–10−1 on the corresponding scales [17].
In such a physical situation the second-order effects in the cos-
mological perturbation are expected to play a signiﬁcant role in
the present set up. Also such non-negligible effects generate ten-
sor ﬂuctuations to produce PGWs from scalar–tensor modes via
terms quadratic in the ﬁrst-order matter and metric perturbations
[18–20]. Most importantly, their amplitude may well exceed the
ﬁrst-order tensor perturbation generated by quantum ﬂuctuation
during inﬂation in the present set up as the amplitude of density
ﬂuctuations required to produce PBHs is large.
The aim of this paper is to provide a unique link between the
current abundance of PBHs, ΩPBH(η0) = ρPBH/ρc , and the abun-
dance of primordial gravitational waves ΩGW = ρGW/ρc in our
universe originated from the primordial ﬂuctuations, where η0 is
the present conformal time and ρc denotes the critical energy den-
sity of the universe. With the help of Planck data, we will be able
to constrain a concrete bound on ΩPBHh2.under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
S. Choudhury, A. Mazumdar / Physics Letters B 733 (2014) 270–275 271Fig. 1. In (a), we show the scalar spectral index ns(k), and in (b), we show the running of the scalar spectral index αs(k), with respect to the momentum scale k. The black
dotted line corresponds to kΛ = 0.056 Mpc−1 for lΛ = 2500, the blue dotted line corresponds to kL = 4.488 × 10−5 Mpc−1 for lL = 2, and in all the plots violet dashed
dotted line represents the pivot scale of momentum at k	 = 0.002 Mpc−1 for l	 ∼ 80 at which P S (k	) = 2.2 × 10−9, nS (k	) = 0.96, αS (k	) = −0.02. In both (a) and (b) the
PBH formation scale kPBH is lying within the region bounded by the blue dotted line and the violet dashed dotted line. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)2. PBH formation
Let us ﬁrst start the discussion with the amplitude of the scalar
power spectrum, which is deﬁned at any arbitrary momentum
scale lying within the window, kL < k < kΛ , by:
Ps(k) = Ps(k∗)
(
k
k∗
)ns−1+ αs2 ln( kk∗ )+ κs6 ln2( kk∗ )+···
, (1)
where the parameters ns , αs and κs are spectral tilt, running and
running of running of the tilt of the scalar perturbations deﬁned
in the momentum pivot scale k∗ . Also note that the PBH for-
mation scale is lying within the window, kL < kPBH < k∗ < kΛ .
In the realistic situations the upper and lower bound of the mo-
mentum scale is ﬁxed at, kΛ = 0.056 Mpc−1 for lΛ = 2500 and
kL = 4.488 × 10−5 Mpc−1 for lL = 2 as explicitly depicted/shown
in Fig. 1.
Within this window, we need to modify the power law pa-
rameterization of the power spectrum by incorporating the ef-
fects of higher order Logarithmic corrections in terms of the non-
negligible running, and running of the running of the spectral tilt
as shown in Eq. (1), which involves higher order slow-roll cor-
rections in the next to leading order of effective ﬁeld theory of
inﬂation. This is important to consider since Planck-WMAP9 com-
bined data have already placed interesting constraints on ns(k∗) =
0.9603 ± 0.0073 (within 2σ C.L.), αs(k∗) = 0.0134 ± 0.0090, and
κs(k∗) = 0.020+0.016−0.015 (within 1σ–1.5σ C.L.) [15].
Further using Eq. (1), spectral tilt, running of the tilt, and run-
ning of the running of the tilt for the scalar perturbations can
be written at any arbitrary momentum scale within the widow,
kl=2 < k < kl=2500, as:
ns(k) = 1+ d ln Ps(k)
d lnk
= ns(k∗)+ αs(k∗) ln
(
k
k∗
)
+ κs(k∗)
2
ln2
(
k
k∗
)
+ · · · (2)
αs(k) = dns(k)
d lnk
= αs(k∗)+ κS(k∗) ln
(
k
k∗
)
+ · · · (3)
κs(k) = dαs(k)
d lnk
= d
2ns(k)
d lnk2
≈ κs(k∗)+ · · · . (4)
At the scale of PBH formation, k = kPBH , the value of the tilt, and
running of the running of tilt for the scalar perturbations can beexpanded around the pivot scale (k∗) as:
ns(kPBH)
= ns(k∗)+ αs(k∗) ln
(
kPBH
k∗
)
+ κs(k∗)
2
ln2
(
kPBH
k∗
)
+ · · · (5)
αs(kPBH) = αs(k∗)+ κS(k∗) ln
(
kPBH
k∗
)
+ · · · (6)
κs(kPBH) ≈ κs(k∗)+ · · · , (7)
provided the expansion is valid when, kPBH < k∗ . Throughout the
article we will ﬁx the pivot scale to be the same as that of the
Planck, k∗ ∼ 0.002 Mpc−1. However, it is important to note that
the physics is independent of the choice of the numerical value
of k∗ . The · · · represent higher order slow-roll corrections appear-
ing in the expansion. Here the pivot scale of momentum k∗ is a
normalization scale and is of the order of the UV regularized scale
of the momentum cut-off of the power spectrum beyond which
the logarithmically corrected power law parameterization of the
primordial power spectrum for scalar modes does not hold good.
More precisely, k∗ be a ﬂoating momenta in the present context.
Additionally, we have used another restriction on the momentum
scale, kl=2 < kPBH < k∗ < kl=2500. For more details see Eq. (1) men-
tioned later. The initial PBHs mass, MPBH , is related to the Hubble
mass, M , by:
MPBH = Mγ = 4π
3
γρH−3, (8)
at the Hubble entry, where the Hubble parameter H is deﬁned
in terms of the conformal time, η. The PBH is formed when the
density ﬂuctuation exceeds the threshold for PBH formation given
by the Press–Schechter theory [21]
f (≥ M) = 2γ
∞∫
Θth
dΘP(Θ;M(kPBH)). (9)
Here P(Θ;M(kPBH)) is the Gaussian probability distribution function
of the linearized density ﬁeld Θ smoothed on a scale, kPBH = 1/R ,
by [22]:
P(Θ;kPBH) = 1√
2πΣ (k )
exp
(
− Θ
2
2Σ2 (k )
)
(10)Θ PBH Θ PBH
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ΣΘ(kPBH) =
√√√√√
∞∫
0
dk
k
exp
(
− k
2
k2PBH
)
PΘ(k). (11)
Here it is important to note that the ﬁne details of our conclu-
sions might change while taking into N body simulations into
account [23–26]. For a generic class of inﬂationary models, lin-
earized smooth density ﬁeld Θ(k), and the corresponding power
spectrum PΘ(k) can be written as:
Θ(k) = 2
5
(
k
aH
)2
Rc(k),
PΘ(k) = 4
25
(1+ w)2
(1+ 35w)2
(
k
aH
)4
P S(k), (12)
where w represents the effective equation of state parameter after
the end of inﬂation. Assuming that the inﬂaton decays into the
relativistic species instantly, we may be able to ﬁx w ≈ 1/3, for a
radiation dominated universe. Additionally, Rc(k) characterizes the
curvature perturbation, and P S denotes the amplitude of the scalar
power spectrum.
Now substituting Eq. (12) and Eq. (1) in Eq. (11), for kPBH = 1/R ,
we can express ΣΘ(kPBH) as:
ΣΘ(kPBH)
= 2
5
(1+ w)√P S(k∗)
(1+ 35w)
(
k∗
aH
)2
×
√√√√√√
kΛ∫
kL
dk
k∗
exp
(
− k
2
k2PBH
)(
k
k∗
)ns+2+ αs2 ln( kk∗ )+ κs6 ln2( kk∗ )+···
= 1
5
(1+ w)√P S(k∗)
(1+ 35w)
(
k∗
aH
)2
×√A + Bns(k∗)+ Cαs(k∗)+ Dκs(k∗)+ · · · (13)
where we have reparametrized the integral in terms of the reg-
ulated UV (high) and IR (low) momentum scales. The cut-offs
(kΛ and kL ) are ﬂoating momenta to collect only the ﬁnite con-
tributions. The technique we employ here has a similarity to the
cut-off regularization scheme, which is being introduced in such a
fashion that after taking the physical limit, (kΛ → ∞, kL → 0), the
result returns to the original inﬁnite integral.
Here the UV and the IR cut-offs must satisfy the constraint
condition, kL  kPBH  k∗  kΛ , for which the integral appearing
in the expression for the standard deviation can be regularized.
In Eq. (13), A, B , C and D are all momentum dependent coeﬃ-
cients which are explicitly mentioned in Appendix A, see Eq. (23).
Moreover, at the Hubble exit an additional constraint, k∗ = aH, will
have to be satisﬁed in order to do the matching of the long and
short wavelength perturbations.
Hence, substituting the explicit expressions for P S , ns , αs and
κs in presence of the higher order corrections at the pivot scale k∗ ,
the simpliﬁed expression for the regularized standard deviation in
terms of the leading order slow-roll parameters can be written as:
ΣΘ(kPBH)
=
(1+ w)
√
AV∗
V (k∗)
8
√
6πM2 (1+ 3w)pl 5×
{
1+ B
A
(
CE + 2
5
)
ηV (k∗)− B
A
(
2CE + 11
5
)
V (k∗)
− C
5A
ξ2V (k∗)+
2D
5A
σ 3V (k∗)+ · · ·
}
(14)
where CE = 4(ln 2 + γE ) − 5, and γE = 0.5772 is the Euler–
Mascheroni constant. Here the (V , ηV , ξ2V , σ
3
V ) are slow roll pa-
rameters for a given inﬂationary potential V (φ). It is important to
mention that the results obtained in this paper are inﬂation centric
– true only for inﬂection point models of inﬂation.
3. PBH and GW for sub-Planckian model of inﬂation
For a successful inﬂation, the potential should be ﬂat enough,
and for a generic inﬂationary potential around the vicinity of the
VEV φ0, where inﬂation occurs, we may impose the ﬂatness condi-
tion such that, V ′′(φ0) ≈ 0. This yields a simple ﬂat potential which
has been imposed in many well motivated particle physics models
of inﬂation with an inﬂection-point [27]:
V (φ) = α + β(φ − φ0)+ γ (φ − φ0)3 + κ(φ − φ0)4 + · · · , (15)
where α denotes the height of the potential, and the coeﬃcients
β , γ , κ determine the shape of the potential in terms of the model
parameters. Note that at this point, we do not need to specify
any particular model of inﬂation for the above expansion of V (φ).
However, not all of the coeﬃcients are independent once we pre-
scribe the model of inﬂation here. This only happens if the VEV of
the inﬂaton φ0 < Mp must be bounded by the cut-off of the parti-
cle theory, where the reduced Planck mass Mp = 2.4× 1018 GeV.
We are assuming that in 4 dimensions Mp puts a natural cut-
off here for any physics beyond the Standard Model. The another
assumption we have made here is that the range of ﬂatness of the
potential of inﬂation |Δφ| = |φcmb − φe|∼ O (10−1Mp) < Mp , for
which the model is fully embedded within a particle theory such
as that of gauge invariant ﬂat directions of minimal supersymmet-
ric Standard Model (MSSM), or MSSM × U (1)B−L [27]. Here φcmb
and φe are the inﬂaton ﬁeld at the Hubble crossing and the end of
inﬂation respectively.
Both these sub-Planckian constraints lead to the observed ten-
sion of the low power of the CMB at low-l with the high-l, which
leads to a negative curvature of the power spectrum at small k and
a positive curvature of the power spectrum at large k, see [28].
For an inﬂection-point model of inﬂation this will provide an im-
proved constraint on PBH formation and GW waves via running in
the power spectrum (see Fig. 2 for the details).
The fractional density of PBH formation can be calculated as:
f (≥ M) = γ erf
[
Θth√
2ΣΘ(kPBH)
]
. (16)
In general the mass of PBHs is expected to depend on the am-
plitude and the shape of the primordial perturbations. The relation
between the PBH formation scale (kPBH = 1/R) and the PBH mass
can be expressed as:
kPBH =
√
γ
5.54× 10−24
(
MPBH
1 g
)− 12( g∗
3.36
)− 16
Mpc−1. (17)
Moreover, we can express the fractional density of PBH formation
in terms of the PBH abundance at the present epoch, η0, as [18]:
ΩPBHh
2(η0) = 1014 × f
(
MPBH
20
)− 12( g∗ )− 13
. (18)10 g 3.36
S. Choudhury, A. Mazumdar / Physics Letters B 733 (2014) 270–275 273Fig. 2. ΩGWh2 and MPBH have been plotted in a logarithmic scale where left and
right wedge-shaped red colored curves indicate power spectra of GWs from two dif-
ferent peaked ﬂuctuations corresponding to the set of values for (ΩPBHh2, MPBH) =
(10−5,30M) (left) and (10−1,1022 g) (right) for relativistic degrees of freedom
g∗ = 228.75, from Eq. (18) and Eq. (19). The green and yellow solid line shows
an envelope curve, corresponding to high V 1/4∗ = 1.96 × 1016 GeV, and low scale
V 1/4∗ = 6.48 × 108 GeV, sub-Planckian inﬂationary models obtained by varying the
scale of PBH formation kPBH and the tensor-to-scalar ratio r, which depend on the
frequency of GW in a logarithmic scale. (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)
The recent observations from Planck puts an upper bound on the
amplitude of primordial gravitational waves via tensor-to-scalar ra-
tio, r(k∗) = PT /P S . This bounds the potential energy stored in the
inﬂationary potential, i.e. V∗ ≤ (1.96×1016 GeV)4(r(k∗)/0.12) [15].
With the help of Eqs. (10), (1), (14), (17), (18), we can link the
GW abundance at the present time:
ΩGWh
2(η0) =
(
ΣΘ(kPBH)
10−2
)2( MPBH
1020 g
)1/2
ΩPBHh2 f −1
1.7× 1021 . (19)
In order to realize inﬂation below the Planck scale, i.e. Mp ,
we need to observe the constraint on the ﬂatness of the poten-
tial, i.e. Δφ, via the tensor-to-scalar ratio as recently obtained in
Ref. [14]2:
|Δφ|
Mp
≈ 6
25
√
r(k∗)
0.12
∣∣∣∣ r(k∗)16 −
ηV (k∗)
2
− 1+ · · ·
∣∣∣∣. (20)
Note that it is possible to saturate the Planck upper bound on
tensor-to-scalar ratio, i.e. r(k∗) ≤ 0.12 for small ﬁeld excursion
characterized by, φ0 < Mp and |Δφ| < Mp . Additionally, · · · con-
tain the higher order terms in the slow roll parameters which only
dominate in the next to leading order.
Collecting the real root of the tensor-to-scalar ratio, r, in terms
of the ﬁeld displacement |Δφ| from Eq. (20), at the leading order,
we can derive a closed constraint relationship between ΩGW and
ΩPBH at the present epoch, for inﬂection point inﬂationary models:
ΩGWh
2 ≤ 6× 10
−18
γ
(
MPBH
1020 g
) 1
2 O2PBHΩPBHh2
erf( Θth√
2OPBH
)
, (21)
where we introduce a new parameter OPBH , which can be ex-
pressed in terms of the inﬂationary observables as mentioned in
2 There was a very minor numerical error in earlier computation in Refs. [10,13],
which we have now corrected it in Ref. [14]. But the ﬁnal conclusion remains un-
changed due to such correction.Appendix A, see Eq. (23). For deﬁniteness, we also identify the PBH
mass with the horizon mass when the peak scale is within the
sub-hubble region. An interesting observation can be made here;
typically the PBH mass can also be related to the peak frequency
of the GWs produced from the collapse of an over-densed region of
the space–time to form PBHs, see [18], by following the linearized
gravitational wave ﬂuctuations up to the second order [19]. The
peak frequency is given by: f peakGW = kp/
√
3πa0, where kp is the
peak value of the momentum scale, and a0 is the scale factor at
the present epoch. Therefore, the ﬁnal expression yields for fre-
quency and the amplitude [18]:
f peakGW = 0.03 Hz
(
MPBH
1020 g
)−1/2( g∗
3.36
)−1/12
,
ApeakGW = 6× 10−8
(
g∗
3.36
)−1/3(
ΣΘ(kPBH ≈ kp)
10−2
)2
, (22)
where ΣΘ(kPBH ≈ kp) is explicitly deﬁned in Eq. (14), see Ref. [18].
It is important to note that the space-based laser interferom-
eters are sensitive to GWs with frequency range 10−5 Hz  f 
10 Hz, which covers the entire mass range of the PBHs, 1020 g <
MPBH < 1026 g, which comes from the stringent Dark Matter con-
straint, ΩDMh2 = 0.1196 ± 0.0031 from Planck+WMAP9 combined
dataset within 1.5σ C.L. [28].
LISA [29] can probe up to its best sensitivity ΩGWh2 ∼ 10−11
at GW frequency f ∼ 10−2 Hz corresponding to the PBH mass
MPBH ∼ 1021 g, DECIGO/BBO [30] and the ultimate-DECIGO [31]
are designed to probe up to ΩGWh2 ∼ 10−13 and ΩGWh2 ∼ 10−17,
respectively at the peak frequency f ∼ 10−1 Hz with PBH mass
MPBH ∼ 1019 g in its near future run [32,33]. On the other hand
the sensitivity of LIGO [34] is too low at present and in the
near future to detect the primordial GWs. This implies that for
LIGO the abundance of the PBHs are constrained within the PBH
mass MPBH < 7× 1014 g with effective GW frequency fGW > 10 Hz
which cannot be observed at the present epoch.
Constraints from all of these GW detectors represented by con-
vex lines with different color codes in logarithmic scale in Fig. 2.
We have also shown the variation of GW abundance for low
(green) and high (yellow) scale sub-Planckian models by varying
PBH mass (MPBH) and tensor-to-scalar ratio (r) using Eq. (21) and
Eq. (19) in Fig. 2. Additionally, we have shown the two wedge-
shaped curves shown in red represented by (ΩPBHh2,MPBH) =
(10−5,30M) (left) and (10−1,1022 g) (right) for relativistic de-
grees of freedom g∗ = 228.75. The appearance of the sharp peaks
in the left and right wedge shaped red curves signify the presence
of maximum value of the GW abundances at the present epoch
corresponding to the peak frequency given by Eq. (22). Each wedge
shaped curves accompany smooth peaks, this is due to the reso-
nant ampliﬁcation procedure when the peak width for ﬂuctuation,
Δp  kp/2. If the peak width exceeds such a limit then the fre-
quency of the ﬂuctuations will increase and we get back the peak
for sharp ﬂuctuation in the right side for each of the wedge shaped
curve.
In Fig. 3, we have shown the behavior of the PBH abundance
with running of the spectral tilt within the Planck 2σ C.L. (black
region) of spectral-tilt [15]. We have explicitly shown the 1σ al-
lowed constraint on the running of the spectral tilt by the green
shaded region which additionally puts a stringent constraint on the
PBH abundance within a tiny region 9.99712 × 10−3 < ΩPBHh2 <
9.99736 × 10−3. Note that if we incorporate Planck + WMAP9 +
high L + BICEP2 data [35], our results would modify, although
the physics behind the mechanism would remain be the same.
We would like to revisit the problem in future with a more de-
tailed study.
274 S. Choudhury, A. Mazumdar / Physics Letters B 733 (2014) 270–275Fig. 3. We have plotted ΩPBHh2 with respect to the running of the tilt, αs . The black
colored band shows Planck allowed region for ns within the range 0.955 < ns <
0.970 at 2σ C.L. within the threshold interval 0.2 < Θth < 0.8 of Press–Schechter
theory. The green band for the 1σ allowed region by Planck from the constraints
on the running of the spectral tilt (αs) within the range −0.022<αs < −4× 10−3.
This additionally puts a stringent constraint on the PBH abundance within a region
9.99712× 10−3 <ΩPBHh2 < 9.99736× 10−3. Here the red straight line is drawn for
the central value of the spectral-tilt ns = 0.962 and Θth = 0.5. (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)
4. Conclusion
To summarize, we have shown that it is possible to establish a
generic relationship between PBH and GW abundance for a sub-
Planckian model of inﬂation with a ﬂat potential, where inﬂation
is driven near an inﬂection-point. For such a class of model it is
possible to predict ΩGWh2 and ΩPBHh2 with the help of this new
expression given by Eq. (21). We have used important constraints
arising from various GW detectors, which we have shown in Fig. 2,
and the PBH abundance with running of the spectral tilt in Fig. 3.
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Appendix A
The momentum dependent co-eﬃcients appearing in Eq. (13)
and OPBH appearing in Eq. (21) are given by:
A =
[√
π
2
kPBH
k∗
erf
[
k
kPBH
](
1+ ln
(
k
k∗
))]kΛ
kL
+ B,
B =
[√
π
2
kPBH
k∗
erf
[
k
kPBH
]
ln
(
k
k∗
)
− 2
(
k
k
)
P F Q
[{
1
2
,
1
2
}
;
{
3
2
,
3
2
}
;− k
2
Λ
k2
]]kΛ
,∗ PBH kLC =
[√
π
4
kPBH
k∗
erf
[
k
kPBH
]
ln2
(
k
k∗
)
−
(
k
k∗
)
ln
(
k
k∗
)
P F Q
[{
1
2
,
1
2
}
;
{
3
2
,
3
2
}
;− k
2
Λ
k2PBH
]
−
(
k
k∗
)
P F Q
[{
1
2
,
1
2
,
1
2
}
;
{
3
2
,
3
2
,
3
2
}
;− k
2
Λ
k2PBH
]]kΛ
kL
,
D =
[√
π
12
kPBH
k∗
erf
[
k
kPBH
]
ln3
(
k
k∗
)
−
(
k
2k∗
)
ln2
(
k
k∗
)
P F Q
[{
1
2
,
1
2
}
;
{
3
2
,
3
2
}
;− k
2
Λ
k2PBH
]
−
(
k
k∗
)
P F Q
[{
1
2
,
1
2
,
1
2
}
;
{
3
2
,
3
2
,
3
2
}
;− k
2
Λ
k2PBH
]
−
(
k
k∗
)
P F Q
[{
1
2
,
1
2
,
1
2
,
1
2
}
;
{
3
2
,
3
2
,
3
2
,
3
2
}
;− k
2
Λ
k2PBH
]]kΛ
kL
,
OPBH = 5
√
A(1+ w)(8.17× 10−3)2
12
√
2π(1+ 35w)
×
{
1+ 2BηV (k∗)
5A
+ B
500A
(
r(k∗)
0.12
)
− 3B
A
V (k∗)
− C
5A
ξ2V (k∗)+
2D
5A
σ 3V (k∗)+ · · ·
}
(23)
where P F Q represents generalized hypergeometric function.
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